Abstract: This paper is devoted to modeling and analysis of Hamiltonian systems subject to nonholonomic time-varying affine constraints. First, time-varying affine constraints are defined and an integrability condition of them is shown. We next derive nonholonomic Hamiltonian systems with time-varying affine constraints (NHSTAC) by using a transformation and reduction on the expanded phase space. Then, we investigate passivity of the NHSTAC with the control input term and the output equation. Finally, in order to confirm the results, a boat on a running river is illustrated as a physical example.
INTRODUCTION
Nonholonomic systems are known as systems which we cannot control easily, and have attracted many researchers' interest. In a lot of researches on nonholonomic control systems, systems subeject to linear constraints such as mobile cars, trailers, snake robots, have been primarily treated from the perspectives of both kinematics and dynamics [6, 7, 8, 9, 10] . However, there is another larger class of constraints, called affine constraints. A space robot with an initial angular momentum ( Fig. 1 [a] ), a boat on a running river ( Fig. 1 [b] ), a ball on a rotating table ( Fig.  1 [c] ) [12, 4] , a coin on a rotating table ( Fig. 1 [d] ), a pneumatic tire [1] and under-actuated manipulators and underwater vehicles [8] are examples of systems subject to affine constraints. We have focused on affine constraints and derived some interesting results from the aspect of both mathematics and nonlinear control theory [18, 19] . In [19] , we have introduced nonholonomic dynamic systems with affine constraints (NDSAC) and shown the following important properties for the NDSAC: (a) the linear approximation of the NDSAC is controllable under some conditions and hence it is stabilizable by linear state feedback, (b) the NDSAC satisfies Brockett's theorem under some conditions and has a possibility of local asymptotic stabilizability by nonlinear smooth state feedback. These properties are beyond well-known facts for dynamic systems with linear constraints shown in [9] . This formulation is based on Lagrange mechanics, however, the alternative approach, Hamiltonian mechanics is also important from the viewpoint of passivity and so on. Van der Schaft et al. have introduced mechanical systems subject to nonholonomic linear constraints [11] . Fujimoto et al. have proposed generalized canonical transformation for Generalized Hamiltonian systems [13] and developed control laws based on passivity for nonholonomic Hamiltonian systems with linear constraints [14] . On the other hand, in [21] , we have introduced nonholonomic Hamiltonian systems with affine constraints (NHSAC) and investigated passivity of the NHSAC. In addition, we have proposed a method to design control laws for the NHSAC based on passivity [22] . In above work, it is assumed that affine constraints do not contain the time variable, that is, they are timeinvariant. Considering realistic applications, affine constraints sometimes become time-varying, for example, a boat on a running river with a time-varying stream ( Fig. 1  [b] ), a ball on a rotating table with a time-varying rotating velocity ( Fig. 1 [c] , [d] ). However, systems subject to timevarying affine constraints have not been studied so far.
The purpose of this paper is to derive Hamiltonian systems subject to nonholonomic time-varying affine constraints and analyze them from the viewpoint of passivity. The outline of this paper is as follows. Section 2 gives a definition and some concepts for time-varying affine constraints, and derives a condition of complete nonholonomicity for them. In Section 3, we first present some preliminaries on Hamiltonian systems and expanded Hamiltonian systems. Then we derive nonholonomic Hamiltonian systems with time-varying affine constraints (NHSTAC) and investigate passivity of the NHSTAC with control inputs and outputs. Finally, in Section 4, we give a physical example, a boat on a running river, in order to confirm the results. In this section, we first explain time-varying affine constraints which we treat throughout this paper. Let t ∈ I ⊂ R be a time variable defined on a time interval I and Q be an n-dimensional manifold. We also refer an n-
T ∈ R n as a generalized velocity variable. In this paper, we deal with time-varying affine constraints defined on Q:
and (1) are represented as a set of first order differential equations. In (1), A(t, q) ∈ R n−m is called a timevarying affine term and B(q) ∈ R (n−m)×n . We here assume a sufficient condition of independency for the affine constraints (1):
As mentioned in Section 1, since it's often the case that only the affine term A in (1) contains the time variable, we consider the class of the time-varying affine constraints (1).
Next, we explain some concepts on geometric representation of the time-varying affine constraints and derive a necessary and sufficient condition of complete nonholonomicity for the time-varying affine constraints. The timevarying affine constraints (1) can be geometrically represented by a pair ( We then discuss complete nonholonomicity of the timevarying affine constraints. If all the n − m time-varying affine constraints (1) are nonintegrable, that is, there do not exist any independent first integrals of the timevarying affine constraints, then they are said to be completely nonholonomic or completely nonintegrable. We define a smallest and involutive time-varying distribution (1) is given by the next theorem.
Theorem 1 : For the time-varying affine constraints (1), the following two statements are equivalent. If they are satisfied, (1) are said to be completely nonholonomic.
(a) There exists no first integral of (1).
holds.
(Proof) Consider the (n + 1)-dimensional product spacē Q := R × Q, where R is the space of the time variable t. OnQ, time-varying affine constraints (1) are represented by Pfaffian equations of n − m differential forms:
(5) Since a time-varying affine vector field X of the geometric representation satisfies (3), m + 1 vector fields onQ which annihilate (5) are given bȳ
(6) Now we define an involutive distributionC defined onQ which containsX,Ȳ 1 , · · · ,Ȳ m and iterated Lie brackets that consist ofX,Ȳ 1 , · · · ,Ȳ m . Therefore, a necessary and sufficient condition of complete nonintegrability for (5) is given by dimC(t, q) = n + 1, ∀t ∈ I, ∀q ∈ Q (7) (cf. Frobenius' theorem [2, 3] ). Calculating the iterated Lie brackets which consist ofX,
We can find thatX is independent ofȲ i , · · · ,Ȳ m and the iterated Lie brackets (8) . Then, the necessary and sufficient condition (7) is changed into the condition such that Y 1 , · · · ,Ȳ m and the iterated Lie brackets which consist ofX,Ȳ 1 , · · · ,Ȳ m span an n-dimensional space. From (6) and (8), we can consider only By Theorem 1, we can easily check complete nonholonomicity of given time-varying affine constraints by calculating the distribution C 0 . We can see that the condition (4) is the same as the one in the case of time-invariant affine constraints [18, 19] though the affine term A in (1) contains the time variable. However, if B as well as A contains the time variable, a condition for complete nonholonomicity becomes more complicated. In this paper, we assume that the time-varying affine constraints (1) are completely nonholonomic, that is, Theorem 1 holds.
MODELING AND ANALYSIS OF NONHOLONOMIC HAMILTONIAN SYSTEMS WITH TIME-VARYING AFFINE CONSTRAINTS (NHSTAC)

Hamiltonian / Expanded Hamiltonian Systems
This subsection presents a summary of Hamiltonian systems defined on a phase space and expanded Hamiltonian systems defined on an expanded phase space as preliminaries [15, 16, 17] . Let us denote an n-dimensional configuration manifold by Q and a generalized coordinate
T ∈ R n . Moreover, let T * Q be the congent bundle of Q and a generalized momentum be
Note that p and bases of T Q :
Then, a canonical coordinate of T * Q is the pair (q, p) and T * Q is called a phase space with 2n-dimension. Let us define canonical 2-form as
We can see that (10) 
where f, g are functions on T * Q. It is known that the Poisson bracket satisfies some properties:
where f, g, h are functions on T * Q and a, b are real constants.
We consider a time-invariant Hamiltonian function H(q, p).
Then, a Hamiltonian system:
is defined on T * Q. In (12), the matrix J is called a Poisson structure matrix and derived by
Next we explain expanded Hamiltonian systems defined on an expanded phase space. We first regard the time variable t ∈ R as a new configuration variable q 0 := t, and denote the new time variable by s ∈ R. We call the spaceQ := R × Q an expanded configuration manifold. It is known that the momentum corresponding to q 0 = t is represented by p 0 := −H [15, 16, 17] . Therefore, a canonical coordinate of (2n + 2)-dimensional space T * Q is the pair (q,p), whereq :
. T * Q is called an expanded phase space. We also define an expanded canonical 1-form:
and an expanded canonical 2-form:
dq k ∧ dp k = dq 0 ∧ dp 0 + Ω.
We can see thatΩ is a closed nondegenerate alternating 2-form and then the pair (T * Q ,Ω) is also a symplectic manifold. The expanded Poisson bracket can be defined for vector fields on T * Q :f ,ḡ as
and it also satisfies the same properties (i)-(iv) as (11) . Now, we define an expanded Hamiltonian:
and then an expanded Hamiltonian system on T * Q is derived as
where the dash means derivative with respect to the new time variable s. The matrixJ is called a Poisson structure matrix and derived bȳ
From (19), we can see that (18) is a natural extension of (12) . Note that solution trajectories of (18) are limited on the hyperplane with (2n + 1)-dimension defined by
Modeling of NHSTAC
In this subsection, we derive reduced Hamiltonian systems subject to the time-varying affine constraints. Assuming that (18) is subject to the time-varying affine constraints (1), we add the constraints force to (18) with a Lagrange
We here consider a coordinate transformation (q 0 , q, p 0 , p)
where we setp := [p
the transformed HamiltonianH satisfies
It is noted that (22) is not a canonical transformation and q 0 and q are not changed, that is,q 0 = q 0 ,q = q. From the
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definitions ofX andŶ ,M in (22) is always non-singular. The inverse transformation of (22) is given by
where we use the notations:
By the transformation (22), the Poisson structure matrix (19) is transformed intȭ
The matricesŴ 1 ,Ŵ 2 ,Ẑ 11 ,Ẑ 12 ,Ẑ 21 ,Ẑ 22 in (26) are defined by
respectively, where we denote the column vectors of B by B 1 , · · · , B n−m . Moreover, it can be confirmed that by the transformation (22) , the expanded Hamiltonian (17) is transformed intȭ
Therefore, by using (26)- (28), we can transform the expanded Hamiltonian system with the constraints force (21) into
which is defined on T * Q with (2n + 2)-dimension.
Now, we derive a reduced system of (29). Identifying t with s, we have
and the first equation of (29) can be ignored by q 0 = t. Since (23) holds, we can also ignore the fifth equation of (29). Furthermore, considering the hyperplane defined by (20) , that is,
31) and using variables (q,p 1 ), we can reduce (n − m + 2)-dimension in total. Consequently, defining a (n + m)-dimensional space X with the variables (q,p 1 ) as
we can obtain the following reduced NHSTAC. 
with the variablesq ∈ R n ,p 1 ∈ R m . The HamiltonianH and the termsŴ 1 ,Ẑ 1 of the NHSTAC (33) are defined by (31) and (27), respectively, and they are represented by only the variablesq andp 1 on X . 2 From Theorem 2, we can see that the structure of the NHSTAC is fundamentally the same as the one in the case of time-invariant affine constraints, however, the termŝ X,Ŵ 1 and the HamiltonianH contain the time variable.
Passivity Analysis of NHSTAC
Finally, this section investigates passivity of the NHSTAC. Adding a control inputs term E(q)u, E(q) ∈ R n×m , u ∈ R m to the NHSTAC, we have
(34) Moreover, we consider an output y ∈ R m as
In general, if a Hamiltonian system is called passive if and only if the Hamiltonian H is a positive semidefinite function and the system satisfieṡ
The following theorem gives us a necessary and sufficient condition for passivity of the NHSTAC (34), (35).
Theorem 3 : The NHSTAC with the input and output terms (34), (35) is passive if and only if the following two conditions hold.
(a) The HamiltonianH is a semi-positive definite function.
(b) The next inequality holds:
(Proof) Differentiating the HamiltonianH with respect to t along a solution trajectory of the NHSTAC (34), we havė
In the calculation above, we use the fact thatJ is a skewsymmetric matrix. Therefore, we complete the proof. 2
EXAMPLE: BOAT ON RUNNING RIVER
In this section, we show a physical example in order to confirm the results. We here treat a boat on a running river as shown in Fig. 2 . Set the x-axis and y-axis to the transverse direction and the downstream direction of the river, respectively, and denote the center of inertia of the boat by (x, y). In addition, let θ be the angle of the boat. Then, the generalized coordinate of this system is
T ∈ R 3 with n = 3. Associated with q, the generalized momentum is denoted by
We here consider a time-varying stream of the river, which depends on not only x but also t, and denote it by V (t, x). We also use the notations; M : the mass of the boat, J: the inertia momentum of the boat. The Hamiltonian of this system is given by
Considering the balance of the velocities in both the heading and side directions of the boat, we have the timevarying affine constraints of this system as
where m = 2. By Theorem 1, we can confirm that (39) is completely nonholonomic.
We consider the torques to the heading and the rotational directions of the boat as two control inputs of the system u 1 and u 2 respectively. Moreover, we set an input change matrix as
By using the varibales:
T ∈ R 2 , the NHSTAC of the system is obtained by (41) and (42) with the Hamiltonian (43), and the passivity condition (37) is calculated as (44). 
CONCLUSIONS
In this paper, we have derived nonholonomic Hamiltonian systems with time-varying affine constraints and analyzed them from the viewpoint of passivity. We can say that this study have made it possible to treat systems subject to time-varying affine constraints from the standpoint of Hamiltonian approach.
Our future work associated with this study are as follows; (i) a generalized time-varying canonical transformation for the NHSTAC, (ii) passivity based control for the NHSTAC, (iii) derivation and analysis of nonholonomic Hamiltonian systems with time-varying nonlinear constraints. 
